Given a connected simple graph G and S ⊆ V (G), the geodetic closure I G [S] of S is the set of all vertices lying on some u-v geodesic where u and v are in S. In this paper, select vertices of G sequentially as follows: select a vertex v 1 and let
Introduction
The concept on weakly connected closed geodetic numbers of graphs follows from the definition of closed geodetic numbers of graphs introduced by Buckley and Harary in [2] .
The concept involves closed geodetic closure of a set S ⊆ V (G) of a graph G denoted by I The ideas on weakly connected geodetic numbers of graphs and the closed geodetic numbers of graphs have led the researchers to study on weakly connected closed geodetic numbers of graphs. The researchers find it interesting to study the closed geodetic set S of a connected simple graph G that gives the weakly connected geodetic numbers of graphs where S w is connected.
Given two vertices u and v in a connected graph G the distance d G (u, v) between u and v in G is the length of a shortest path joining u and v in G. The set S is a closed geodetic cover of G if S = {v 1 , v 2 , . . . , v k } and is obtained by choosing the vertices v 1 , v 2 , . . . , v k such that the following hold: If S ⊆ V (G) satisfies (1) and (2) above, then S is a closed geodetic subset of V (G). The collection of all closed geodetic covers of G is denoted by C * (G). The closed geodetic number of G, is given by cgn(G) = min {|S| : S ∈ C * (G)}.
A set S ∈ C * (G) with |S| = cgn(G) is called the closed geodetic basis of G and is denoted by cgb(G).
Let S ⊆ V (G). The symbol N [S], E w denotes the weakly induced subgraph of G with vertex set N [S] and whose edge set is E w = {uv ∈ V (G) : u ∈ S or v ∈ S}.
A set S is called a weakly connected closed geodetic set of G, denoted by wcg-set, if it satisfies the following properties:
1. S ∈ C * (G).
S w is connected where
The minimum cardinality of a weakly connected closed geodetic set is called the weakly connected closed geodetic number of G, denoted by wcgn(G).
In a weakly connected closed geodetic set S, for every v ∈ S, there exists u ∈ S such that d G (u, v) ≤ 2. Moreover, if {S 1 , S 2 , . . . , S k } is the sequence corresponding to the weakly connected geodetic set S, S i w is connected for each i = 1, 2, . . . , k.
Consider the graph in Figure 1 . The set S = {u 1 , u 2 , u 4 } is a weakly connected closed geodetic set of graph G. Moreover, each 2-element subset S of the vertex set of G has the property that I G [S] is properly contained in V (G). Therefore, wcgn(G) = 3.
Main Results
Throughout this paper, we denote by F G the family of all weakly connected closed geodetic sets in a graph G.
Clearly, every weakly connected closed geodetic set of a connected graph G is a closed geodetic set. A consequence of this is given as a remark.
Remark 2.1 For any connected graph G, cgn(G) ≤ wcgn(G).
Remark 2.2 For any connected nontrivial graph G of order n,
A vertex v in a graph G is an extreme vertex if the subgraph induced by its neighborhood is complete. The set of extreme vertices is denoted by Ext(G). Since every extreme vertex is an end-vertex of every geodesic containing it, we have the following remark.
Remark 2.3 Let G be a graph and S
It is interesting to note that every vertex of a complete graph K n is an element of Ext(G) as stated by the following remark.
Remark 2.4 Every vertex of a complete graph K n is an extreme vertex.
Aniversario, Jamil and Canoy in [1] established the following theorem. This theorem shows that for any connected graph G, cgn(G) = n if and only if G = K n . This result is used to prove the next result.
Using the above results, we now established the weakly connected closed geodetic number of a complete graph K n . Corollary 2.6 For any natural number n, wcgn(K n ) = n.
Proof: By Remarks 2.4 and 2.3,
, it follows that |S| = n. However, wcgn(K n ) ≤ |S| = n. Then by Theorem 2.5 and Remark 2.2, cgn(K n ) = n ≤ wcgn(K n ). Thus combining the two results we have, wcgn(K n ) = n.
The following theorem gives the formula on how to get wcgn(C n ) for n ≥ 4. Proof : Consider the cycle C n in Figure 2 . There are two cases to consider. Case 1: n is even. When n is even, say n = 2k, for some integer k ≥ 2, let S 1 = {c 1 }. We select those vertices whose distance from its preceding vertices is exactly 2 in order to maintain the minimum cardinality and let S 2 = {c 1 , c 3 } which gives 
Now, wcgn(C n ) ≤ n 4 + 1. Without loss of generality, suppose k is even, we have S = {c 1 , c 3 , c 5 , . . . , c k−1 } ∪ {c k+1 } where |S| = n 4 + 1. Suppose we let
Therefore, S * / ∈ C * (C n ). On the other hand, suppose we let S \ {c i } for any i = 1, 3, 5, . . . , k − 1.
∈ S and so vertex c i is an isolated vertex in S * w . This implies that S * w is disconnected. Consequently, S * / ∈ F Cn . Therefore, wcgn(C n ) = n 4 + 1. Case 2: n is odd. When n is odd, say n = 2k + 1, for some integer k ≥ 2. Let S 1 = {c 1 }. Then we select another vertex c 3 = c 1 for 
We are left to show that wcgn(C n ) ≥ n 4 + 1. Following the proof of case 1, we have shown that for any proper subset S * of S, S * is not a wcg-set of cycle C n . Thus, wcgn(C n ) = |S| = n 4 + 1.
Therefore for n ≥ 4, wcgn(C n ) = n 4 + 1.
Proof: Let V (P n ) = {p 1 , p 2 , . . . , p n } as shown in Figure 3 . Consider two cases. Case 1: n is odd. When n is odd, say n = 2k + 1, for some integer k. Note that Ext(P n ) = {p 1 , p n }, and by Remark 2.3,
Continuing this process we obtain a set S ∈ C * (P n ) such that S = {p i : i is odd} and S w is connected. Therefore,
Hence,
Hence, S ∈ C * (P n ). Observe that for i = j, d Pn (p i , p j ) ≥ 2 where j = 1, 3, 5, . . . , 2k − 1, 2k + 1. This implies that there exists no vertex in S * that is adjacent to p i and since p i / ∈ S * , for i = 3, 5, 7, . . . , 2k − 1, then p i is an isolated vertex in S * w . As a result, S * w is disconnected. Thus, S / ∈ F Pn .
Therefore, wcgn(P n ) = n + 1 2 . Case 2: n is even. When n is even, say n = 2k, for some integer k. Let S 1 = {p 1 } and
. Now, for a path P n of order n = 2k, the set S ∈ C * (P n ) and S w is connected if S = {p i : i is odd} ∪ {p n=2k }. Therefore,
We are left to show that wcgn(P n ) ≥ (n + 1) + 1 2 . Following the proof of case 1, we have shown that for any proper subset S * of S, S * is not a wcg-set of path P n . Thus, (n + 1) + 1 2 ≤ wcgn(P n ).
Therefore, wcgn(P n ) = n + 1 2 .
We now show that it is only possible for a connected graph of order n to have a wcgn(G) = n if and only if G is a complete graph.
Theorem 2.9 Let G be a connected graph of order n. Then wcgn(G) = n if and only if G = K n .
Further, since G is connected, it follows that S w is also connected. Thus, wcgn(G) < n, a contradiction to the assumption. Therefore G = K n .
The converse follows from Corollary 2.6.
The following theorem is another consequence of Remark 2.3.
Proof: Write K 1,n = K 1 + K n and let A and B be partite sets of V (K 1,n ) where V (K 1 ) = A and V (K n ) = B. Since K 1,n is not a complete graph and |V (K 1,n )| = n+1 then by Theorem 2.9, wcgn(K 1,n ) ≤ n. We only need to show that n ≤ wcgn(K 1,n ). Let S be a minimum weakly closed connected geodetic set of K 1,n . Clearly, Ext(K 1,n ) = B and by Remark 2.3,
The following result was established by Jamil, Aniversario and Canoy in [6] . This result is used to prove our next result on the weakly connected closed geodetic sets in the complete bipartite graph K m,n .
Theorem 2.11 [6] Let G = K m,n , where m, n ≥ 2, and let U and W be the partite sets of G. Let S ⊆ V (G). Then S ∈ C * (G) if and only if S is any of the following:
As a consequence of Theorem 2.11, the following Lemma is true.
Lemma 2.12 Let m, n ≥ 2 and let U and W be the partite sets of K m,n . A subset S of V (K m,n ) is a weakly connected closed geodetic set of K m,n if and only if S is any of the following:
Proof: Suppose S ∈ F Km,n . This implies that S ∈ C * (K m,n ). By Theorem 2.11, the only closed geodetic covers of K m,n are U , W , U ∪ {w} for some w ∈ W , and W ∪ {u} for some u ∈ U whose weakly induced subgraphs are connected.
Conversely, suppose that S is any of the following: U , W , U ∪ {w} for some w ∈ W , and W ∪ {u} for some u ∈ U . By Theorem 2.11, S ∈ C * (K m,n ). Since every vertex in U is adjacent to every vertex in W , the weakly induced subgraphs they produced are connected. Therefore, S ∈ F Km,n .
It is known that for any complete bipartite graph K m,n for m, n ≥ 2, g(K m,n ) = min {m, n, 4} as established by Chartrand, Harary and Zhang in [4] .
Using Lemma 2.12 and Theorem 2.13, the following theorem can easily be verified.
Theorem 2.14 For integers m, n ≥ 2, wcgn(K m,n ) = min {m, n}.
Proof: Write K m,n = K m + K n and let U and W be a partite sets of V (K m,n ). By Lemma 2.12, the only weakly connected closed geodetic covers of K m,n are U , W , U ∪ {w} for some w ∈ W , and W ∪ {u} for some u ∈ U with |U | = m and |W | = n, respectively. However, only U and W are the sets with minimum cardinality. Thus, we have
The following corollary characterizes the complete bipartite graph K m,n for m, n ≥ 2, satisfying the given condition. The proof is a direct consequence of Theorems 2.13 and 2.14.
Proof: Suppose that wcgn(K m,n ) = g(K m,n ), suppose further that min m, n ≥ 5. By Theorems 2.13 and 2.14, g(K m,n ) = min {m, n, 4} and wcgn(K m,n ) = min {m, n}, respectively. Since min {m, n} ≥ 5, it follows that g(K m,n ) = 4 while wcgn(K m,n ) ≥ 5 for all m, n ≥ 2. This implies that wcgn(K m,n ) = g(K m,n ), a contradiction. Therefore, min {m, n} ≤ 4. Conversely, suppose that min {m, n} ≤ 4. Again, by Theorems 2.13 and 2.14, g(K m,n ) = min {m, n, 4} and wcgn(K m,n ) = min {m, n}, respectively. Since min {m, n} ≤ 4, it follows that g(
It is worth noting that a graph G with order n has wcgn(G) = n − 1 if and only if the unique graph G is given by G = K 1 + ( m j K j ) as shown in the following result.
Theorem 2.16 Let G be a connected graph of order n.
where m j is the number of copies of K j and 2 ≤ m j , then wcgn(G) = n − 1.
Then by Theorem 2.9, n − 1 ≤ wcgn(G). Now, let S = V (G)\ {v} where K 1 = {v}. Then S is a closed geodetic set and S w = G. Thus, wcgn(G) ≤ |S| = n − 1. Therefore, wcgn(G) = n − 1.
We present a theorem that shows the relationship between geodetic set and weakly connected closed geodetic set.
Theorem 2.17 For any connected graph G of order n > 2, wcgn(G) = 2 if and only if G has vertices u and v such that {u, v} is a geodetic set with
Proof: Let G be a connected graph of order n > 2. Suppose that wcgn = 2. Let S = {u, v} be a weakly connected closed geodetic set of G. Then by a property of S, it follows that d G (u, v) ≤ 2. However, it is clear to see that
Conversely, suppose that G has vertices u and v such that S = {u, v} is a geodetic set with
Thus, S is a weakly connected geodetic set of G. However, wcgn(G) ≤ |S| = 2. By Remark 2.2, 2 ≤ wcgn(G), it follows that wcgn(G) = 2.
We now show that for every positive integers a, b, and n with 2 ≤ a ≤ b ≤ n 2 are realizable as the geodetic number, weakly connected closed geodetic number and order of a graph, respectively, of some graph. Proof: Consider the following cases:
Then n ≥ 2b = 4. Consider the graph G in Figure 1 . Clearly, S = {x, y} is a minimum g-set of G. Also, it is a minimum wcg-set of G. Thus, g(G) = wcgn(G) = 2 and |V (G)| = (n − 2) + 2 = n. • Figure 2 Let S 1 = {x, y} and S 2 = {x} ∪ {z 1 , z 2 , . . . , z b−1 }. Then S 1 is a minimum g-set of G 1 and G 2 and S 2 is a minimum wcg-set of G 1 and G 2 . If n is even, then take G = G Let m = n − 2b. Consider the graph G given in Figure 3 below.
Let S 1 = {x, y} and S 2 = {x} ∪ {z 1 , z 2 , . . . , z b−1 }. Then clearly, S 1 is a minimum g-set of G and S 2 is a minimum wcg-set of G. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 3 Consider the graphs G 1 and G 2 in Figure 4 . implies that n = 2a. Let G = G 1 . Then |V (G)| = (a−1)+(a−2)+3 = 2a = n. Since S = {x, z}∪{v 1 , v 2 , . . . , v a−2 } is both a g-set and a wcg-set of G, it follows that g(G) = wcgn(G) = |S| = (a − 2) + 2 = a.
If n is odd, then a = n−1 2 implies that n = 2a + 1. Set G = G 2 . Then S = {x, z} ∪ {v 1 , v 2 , . . . , v a−2 } is both a g-set and a wcg-set of G. Therefore, |V (G)| = a + (a − 2) + 3 = 2a + 1 = n and g(G) = wcgn(G) = a.
Let m = n − 2b + 1. Consider the graph G 1 given in Figure 5 .
Let S = {x, z} ∪ {v 1 , v 2 , . . . , v b−2 }. Then S is both a minimum g-set and wcg-set of G. Thus, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
